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Assignment

Read §5.1, §5.2, §5.3

» Problems:
> §5.1- #1,2
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Chapter 5: Probabilistic Analysis and Randomized
Algorithms

» Chapter 5.1: The hiring problem
» Chapter 5.2: Indicator random variables

» Chapter 5.3: Randomized algorithms



5.1 The Hiring Problem = Scenario

— e ——

» You need to hire a new office assistant.

» An employment agency sends you one candidate per day.
» For each candidate:

» You pay a small fee to interview.
» If you hire, there is a larger cost (firing the current assistant
and hiring the new one).

» Goal: Always have the best candidate (highest quality) so far.
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5.1 The Hiring Problem — Strategy

» Interview candidate /.

» |If candidate / is better than the current assistant:

> Fire the current assistant.
» Hire candidate i.

> We wish to estimate the cost incurred by this strategy.

HIRE—ASSIST;—\_\'@
best @ / candidate 0 is a least-qualified dummy candidate

fori = lton
interview candidate |
if candidate 7 1s better than candidate best
best =i

hire candidate i
e ———

Y R

[= ]
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Cost Model

Each interview cost smaII cost).

Each hiring costs ¢y, Iarge cost). (/\’\’
Let(m\‘be the number of hires.

Total cost:

O(ci-n+cp-m)

Since you always interview n candidates, the focus is on
analyzing ¢, - m.

oy LG
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A Common Computational Paradigm

» The hiring problem models the process of| tracking a
maximum (or minimum).
» Many algorithms work by processing elements/in sequence and
updating a current "winner”.
» Similar ideas appear in:
> Greedy algorithms
» Online algorithms
» Real-time decision making
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Worst-Case Analysis

P In the|worst case, you hire every candidate.

» This oc en candidates arrive in increasing order of
quality.

» Then, the total hiring cdst is:

O@_n) Cw- W

&

» However, this extreme case i@
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Why Probabilistic Analysis?
O < <

» In many real-world scenarios, the order in which candidates
arrive is unpredictable.

> We might assume that candidates arrive in a' random order.

Ay

» Then, the question becomes: L
What is thefexpected\number of hires?

» This leads us to use probabilistic analysis. L
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What is Probabilistic Analysis?

———

<
()

> |t is the use of probability to analyze algorithms.

> Typically lied when:
> Th@s drawn from a random distribution.

> \We average the cost (or running time) over all possible inputs.
» In the hiring problem, we assume the order (or ranks) of
candidates is random.
P> The result of such analysis is called the average-case
performance.
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Random Order Model for Hiring

RV
cecly) = =

'\ u,vk\ L\ i
» Each candidate is assigned a unique rank from 1 to n (with
higher rank meaning better).
» Let rank(/) denote the rank of candidate /.
» Saying the candidates arrive in a tandom order jneans:

» The list (rank(1), rank(2),...,rank(n)) is a uniform random
permutation.

» There are n! equally likely orderings. @

@C\ ( L k() ) vank(D) fg%
){' \/</'°/ 90/ >
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Hiring Problem — Controlled Randomness

P In the original model, you hope the candidates arrive in
random order.

> To be sure, the fagency, sends you the complete list of n
candidates.

» Then, each day you randomly choose a candidate to
. . v
Interview.

» This way, you enforce a random order.
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What is a Randomized Algorithm?

sv

» A randomized algorithm uses a random-number generator to
make decisions.

» Its behavior depends on: ,
» The input, and
» Random choices made during execution.

~
» Even on a fixed input, different runs may vyield different “:_’h/,
behaviors. . - (_/

. )e _(._ sy L »
Aot 9‘%) ~n o =)
/\/ T (Avd 2 \"H‘A"""u
J (3\9) -y best ~ 3

VI\V‘C‘- : \nl(‘{: (;&kd'ldb—h :.
—_—
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Random-Number Generator: RANDOM(a, b) \/
VA Y

>/ RANDOM(a, b) returns an integer uniformly at random in the
I'[a, b].
> Examples: \/?, ‘/’L
> RANDOM(O5+1) returns 0 or 1 (each with probability 1/2).
» RANDOM(3, 7) returns ?: 4,5,6, or 7 (each with probability

174

- e Vo Ve -
» Each call is independent of Ils.
» Think of it as rolling a (' — a + 1)-sided die.
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Summary of Key Differences

)

(0
\/ > Average-case Analysis:

e ————————————
» Randomness comes
permutation).
@ » The algorithm is| deterministic}

.g., a uniform random

\/ » Expected Rupning Time:
> R domneis is introduced by the algorithm'’s internal choices.
» Even on affixed input, outcomes vary due to random decisions.
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Probability Review:/Appendix C.\%

V V

» Probability is fundamental in analyzing randomized
algorithms.

» Used to describe and reason about outcomes in uncertain
environments.
> Examples:
> Flipping coins U
» Randomized quicksort
» Hashing collisions
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Sample Space and Events

> A sample spa@the set of all possible outcomes.
- N— .
> An outcome is a single result of an_experiment.

> An éent js a subset of S. "<
> Example: FIipping@\'stinguishable coins 7 A I M1 IT}’[,‘(‘]’
> S={HH,HT,TH, TT}

\1
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Probabilit Axiom‘s\

of event A. o =
o) I\

3. Additivity: For mutually€xglusive events A and B,
Pr{AU B} =Pr{A}+ Pr{B}
Example: In uniformdistribution over S = {HH,HT, TH, TT},

each outcome has Pr = 1/4.
( ‘\\l \17)

V
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Useful Probability Rules

> Pr{0} %0 '
> If AC B, then Pr{A} < Pr{B}
> CoTn_[)—Igfnent Rule:
Pr{AS] — Q(Q v
r{A°} =1 — Pr{A}

v(

» General Addition Rule:

PrAL B — Pr{A) 1 Pr{B) @
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Discrete Probability Distributions

is finite or countably infinite

Pr{A} = Pr{s} AN ARV

sEA

» Sample space

» For any event A:

» If uniform: all outcomes equally likely. \'—) ;R
» Example: n fair coin flip Y

> S={H,T}" |S| =(2" \-V\/

» Each string occurs with Pr = 1/2"

> Event: exactly@ads has probability:

(9
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Continuots Uniform Distribution

~ \

s T
|
» Sample space is interval [a, b] on real line @L
nLerval 14, ol |
> Equal probability density throughout the interval 7
» Probability of event [c, d]:
d—c
P dl} =
lle.dy = 5

v

Probability of any single point i@
» Events are intervals (open, closed, Tifite unions, etc.)


JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO




Conditional Probabilit
(\/\/\—* .

Definition: Given events A and B with Pr{B} > 0,

Pr{AN B} S - \>

Pr{A| B} = —————
A1 B} = 5By

» Read as: "Probability of A given B occurred”

» Narrows sample space to event B

Example: Two coin flips. Given at least one head, what's the
probability of two heads?

Pr{HH | HH,HT, TH} = 1/3
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Independence

e

R }"j
Two events A and B are independent if:
Pr{AN B} = Pr{A} - Pr{B} QU}\Q’})
Or equivalently: \2 (,\?7\ m ‘—@
Pr{A| B} = Pr{A} (if Pr{B} # 0)

Examples:
» Independent: Two fair coin flips

» Not independent: Welded coins (both always same)
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Pairwise vs Mutual Independence

— —_—

JJ

» Pairwise Independent: Every pair A;, A; satisfies:

Pr{AiNA;} = Pr{A;} - Pr{A;}

» Mutually Independent: For every subset {A;, ..., A; },

0 X7 i)

P K
’V( \“ VD I’{A;1 n---N A,'k} = PF{A,J}
i \”\)\‘\ — JUl

» Important: Pairwise independence does not imply mutual
independence
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Chapter 5: Probabilistic Analysis and Randomized
Algorithms

» Chapter 5.1: The hiring problem \/ ]/
» Chapter 5.2: Indicator random variables

» Chapter 5.3: Randomized algorithms
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5.2 Indicator Random Variables \/

> Used to connect probabilities~m;expectations.
. . ‘\—_—-—N . . .
» Useful in analyzing repeated random trials in algorithms.

» Given an event A in a sample space S, define:

I{A})= if even’F A occurs
0. ptherwise
bbb
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Example: OneKCoiﬂp*)

» Flip a fair {H T} with P(H) = P(T)=1/2

> Let XH\—@ he\/ndlcator for heads—'\—

» Then: 1
E[Xu= )+0-P(T) 5

—

—_—

» So the expected number of heads from one fair flip i5 | 1/2
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Lemma 5.1 — Expectation of an Indlcato\g 4 ‘)

I;Qn_l‘a: For aand indicatoy Xa\= /{A}:/ Kk\
E[Xa] :QP(A)) X %u»\
Proof:
E[Xa] = 1- P(A) +0- (1 — P(A))

expectation analysis!

\P This is the core reésoniw,h‘7jnaiatrotisfére useful in | V‘
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)
Multiple Coin Flips (% PN

/V-
Lot
- v vl 1
‘i < &S\ \
» Suppose we flip a fair coin n times. %\ \
> Let X; :@[flig i is heads}
> Define X = Y I ; X; = total number of heads

) \
E[X] =E ZX,- \/1’
T
= 7( + - —+ 7

54 -
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Linearity of Expectation E_ ()(\ = E (ZY_)

\,.U/Q G

P> Linearity of expectation says: \ i E Y )

E ZX ZE[X] AN
i=1 i=1 \/
» Even if the X;'s are not independent!

> Since E[X;] = 3 for each i:

E[X]:i%:— /

» So the expected number of heads in n fair flips is n/2

(\() =S tlha) = K\/’L %
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Analyzing Hiring with Indicator Variables
N\~—

» Let X = total number of hires.

> Instead of computing E[X] directly, break it down using
indicators. -

» Define: \
@ I{candidate i is hired} € {0,1}
» Then: O
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“Candidate i is hired.” So:
X _ {1 if candidate i is hired

0 otherwise

Expected Number of Hires
> Let X; be the indicator variable for the event: ( 77’
&
%

» Total number of hires is: . P -
~\ i=1 \
J/ » By linearity of expectation:
A

l PR A ;/\ E[X]:;E[Xf]

» Since the input order is random, each of the first / candidates is equally
likely to be the best so far:

Pr(candidate / is best among 1 to i) = =

» Therefore: )
E[Xi] = Pr(candidate / is hired) =

: 0
m;-a::is hired iff they are better than all previous i — 1 cand&ktes.
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Expected Number of Hires (continued)

» Now compute the total expectation: g(ﬂ) = i € \(,:)
EX] =Y %
i=1

» This is the harmonic series: f-} '
( ' ~+ ) X7
1

Hyo=Inn+~+4¢, \
O————— /

where v = 0.5772 is the Euler—Mascheroni constant, and

——
en—0 R

\

-

» In algorithm analysis, simplify this as:

[E[X] % Inn+ O(1)
=

» On average, you hire only abople,
interview n!
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Hiring Cost — Summary Result

» Recall total hiring cost is: ﬁ
Cost=cj-n+cp- X
» Average-case number of hires:
E[X] =Inn+ O(1)
> So, average-case hiring cost: /
= 0lt g
N/

» Much better than worst-case cost of O(cp - n)!
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Chapter 5: Probabilistic Analysis and Randomized
Algorithms I

/A

» Chapter 5.1: The hiring problem \/

E

» Chapter 5.2: Indicator randomvariables

» Chapter 5.3: Randomized algorith IV}
vV vV

IW N’)

—_—
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5.3 Randomized Algorithms — Motivation

What if we don’t know the distribution of inputs?
Then we can't rely on average-case analysis.

>

>

P Instead, we can design a-randomized algorithm.

> |dea: enforce randomness in the algorithm, not in the input.
>

Example: shuffle the input before processing.
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Hiring Problem — Input Sensitivity 5%
TS

o e
e e

[> Input Ay =10,9,...,1] —, best case
> Inpl‘It = 5’ 2’1787 47 7’ ) ) 76] hlres
i z g

» The cost depends heavily on input order.
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Randomized Algorithm Approach
AL -

VIR E)
—[5,2,1,8,3

» Randomized al m :'shuffles the input first.

» Each execytion produces a different order:
» Shuffle 1 — A; — 10 hires

» Shuffle 2 -7, — 1 hire
» Shuffle.3 — §Gmething in between

» Randomness is now inside the algorithm, not the input.

» Suppose input {s fixed
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Key Difference

> Probabilistic Analysis:
» Assumes input is random
» Algorithm is deterministic
» Cost depends on input distribution

> Randomized Algorithm:
» Input is arbitrary (even adversarial)
> Algorithm uses randomness (e.g., shuffle)
» Cost is averaged over algorithm's own random choices
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Why Randomized Algorithms Are Powerful

» Deterministic algorithm:
» Worst-case input can force bad performance

> Randomized algerithm: I/

» No input can reliably trigger Worst—casZ

» Randomness protects you from fmalicioys or unlucky inputs!
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RANDOMIZED-HIRE-ASSISTANT Procedure

the list of n candidates
2. Run HIRE-ASSISTANT(n) on the permuted list

Why it works:

» The random permutatipn simulates the same setting as the
average-case analysis.

> But now it works for any input, even adversarial ones!

> The expected number of Rires is still:
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Probabilistic vs Randomized: Lemma 5.2 vs 5.3

Assumes input is a/unifoti rando
> Algorithm is deterministic -
> Expected cost:. O-(?;%r/
————
> Lg\npaj.3 Randomized Algorithm):
» Input is\arbitrary {even adversarial)

> Algorithm(shuffles input)(randomized)
> Expected cost: O(cp/-In'n) — same result!

—

permutation

> Key difference: Randomization is in thesinput (5.2) vs. in
the algorithm (5.3)
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Procedure: RANDOMLY-PERMUTE (A)

RANDOMLY-PERMUTE(A)

1: for i =1to ndo
% swap A[i] with A[Random(/, n)]

3: end for y
y 4 ~

SRS 4 (el )

@ [em \< ,henD ) @
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Uniform Permutation: High-Level Goal

> We want to produce a uniform random permutation of n
elements.
» There are n! possible permutations.

» Goal: Each should occur with probability/1/n!.

» Procedure: RANDOMLY-PERMUTE (A)
» Fori=1ton: J/ 'E‘X\
> Swap A[i] with A[RANDOM(i,n)]

> How do we prove this gm distribution?

> We use a/loop invariant.
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Loop Invariant: Key Idea ,})
~ P
Al )l —
Nl

Invariant: Just before iteration /, the subarray A
P
contains each (i — 1)-permutation with probability

We prove:
» Initialization (base case): Invariant holds before iteration 1.
—_——
» Maintenance: Invariant holds after iteration /.

—_— T
» Termination: When loop ends, A[l..n] is a uniform
permutation.
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Initialization (Base Case)

» (Invariant holds: A[1..0] is triv-i-a-lly uniform.

<n—/7‘r\> I
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Maintenance: Extending to i Elements| M‘ - V""f”““
0,

, —
QL i) vy
» Subarray A[l..i — 1] is uniform (i — 1)-permutation. .

-\ |
» Let x1,x2,...,x;—1 be elements in A[Ll../ —1]. (h‘ ") .
> Let x; be selected from A[i..n] and placed in A[i]. )

» Assume invariant holds before iteration i.

Let

> E1 event that e G
> Eg event that x; 1 placedl (\ v

Then: Pr[E1 N E2] = Pr[El] Pr[E2 ‘ E1]

\/Cd :ﬁ;. ,\]Cr) l?@ \}\
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Maintenance: Probability Calculation

LY 7\V)
¥ \ [
» From invariant: Pr[E;] = [/ —

> Pr[E; | E1] = ;== (uniformchoice from A[i..n]) N - ;\,\'\/
» So: -
1 (n—i+1)
Prl[E1 N Ey] = . =
6N E] n—i+1 n!
» This holds for every i-permutation.
>

So the invariant holds after iteration i. - \ (
N\~ nx\ /-
—

|
\_/\ V|. \,-

N Lo=s—
V\ ]
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Teminatibn and Conclusion

T AARECI \WN

» Loop ends aftef n i erations. 1 ) ,
» Ati=n+1, A[l..n] is a full n-permutation.
» Invariant implies each permutation occurs W|th V\
(n—n)! [ 1
n! nl

» Conclusion: RANDOMLY-PERMUTE produces
raW.tjon in O(n) time, in-place.
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CLRS 5.3-3: Does PERMUTE-WITH-ALL Produce a Uniform
Permutation?

Algorithm:

PERMUTE-WITH-ALL

1. for i =1 ton do
2: swapith A[RANDOM(1, n)]
—

3: end for ~—~—

/

Question: Does this algorithm produce a uniform random
permutation? That is, does it generate each of the n!
permutations with probability exactl@ l%l il a! a ]
| €2 a-1
s
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Proof: Loop Invariant Setup for PERMUTE-WITH-ALL
Define Loop Invariant: Just before iteration 7, the subarray
A[l..i—1] contains a uniform random (i — 1)-permutation of the
input. That is, each such per ppears with probability:

Initialization (i = 1):
» Subarray A[l..0] is\empty.

» Only one O-permutation (the empty sequence), so appears
with probablllty 1.
» This matches 7;
Invariant holds at |n|t|a||zat|on

Termination (i = n + 1):
» Subarray A[l..n] must be a full n-permutation.
» The invariant would imply that each permutation occurs with
(n N)' 1
probability o
» This is the deswed result — if maintenance holds.
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Proof: Maintenance Fails for PERMUTE-WITH-ALL

Maintenance Goal: Assume the invariant holds before iteration i
(event Ep):

Pr[El] =

We want to extend A[l../ — 1] to a uniform i-permutation. Let E
be the event that A[/] is correctly chosen.

In PERMUTE-WITH-ALL, we choose from the full array: V&\/
1 n—i+1) 1 n—1i)l
Pr[E2 ’ El] - Pr[El N E2] = ( I ) .= 75 ( I ) "\
S~ n o nl n n!

Dlwe
Conclusion: Maint ils/— the probablllty of
constructing each i-permutation ig’incorrect. = The loop invariant
does not hold, and PERMUTE-WITH-ALL is not uniform.

N E(Mﬁ do h(\(?“\
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Part II: Sorting and Order Statistics

Chapter 6: Heapsort
(N ——
» Chapter 7: Quicksort
Chapter 8: Sorting in linear time

Chapter 9: Medians and order statistics
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Part II: Sorting and Order Statistics

What'’s in this part?
» Fundamental sorting algorithms: insertion sort, merge sort,
heapsort, quicksort

» Comparison-based sorting and its limitations
» Non-comparison sorting: counting sort, radix sort, bucket sort

P Selecting the ith smallest element — order statistics

Big Picture: Sorting is essential in both theory and practice —
efficient, optimal, and widely applicable.



Sorting — The Problem and Structure

Goal: Rearrange n input elements so that:

aiéaéééa;

» \We often sort records (e.g., students, orders) by a key (e.g.,
score).

> Satellite data (e.g., name, address) must move with the key.

» Efficient sorting may use pointers instead of physically
moving records.



Four Core Sorting Algorithms

> Insertion Sort: Simple, quadratic time, but fast for small
inputs. In-place.

» Merge Sort: O(nlogn) time, divide-and-conquer, not
in-place.
» Heapsort: O(nlogn), in-place, uses heaps (priority queues).

» Quicksort: Fast in practice, O(nlog n) expected time, O(n?)
worst-case.

All four are comparison sorts.



Lower Bound for Comparison Sorting

» Decision Tree Model: Compares elements to determine order.

» Key Result:
Any comparison-based sort requires at least Q(nlog n) comparisons (worst-case).

» Merge sort and heapsort are asymptotically optimal.



Non-Comparison Sorts (Faster When Possible)

To go faster than Q(nlog n), we must avoid comparisons.
» Counting Sort: When keys are integers in [0, k]. Time:
O(n+ k)
» Radix Sort: For digit-based numbers. Time: ©(d(n + k))

» Bucket Sort: For uniform real numbers in [0,1). Time: ©(n)
average-case

Assumption: Input keys must satisfy special structure or
distribution.



Order Statistics (Chapter 9)

> jth order statistic: The jth smallest element in an array
» Can solve with sorting: O(nlog n)
» Randomized Select: O(n) expected time

» Deterministic Select: O(n) worst-case time (but more
complex)

Use case: Find the median, minimum, maximum, etc. without full
sort.



Question?



